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1. Derivative of vector

Consider a vector A, whose components are functions of a single
variable u. The vector may represent position, velocity, and so on. The

parameter u is usually the time t, but it can be any quantity that

determines the components of A
A(u) = iA.x(u) + jAy(u) + kA_(u)

Derivative of a vector is a vector whose components are ordinary

derivatives
- n _
% =135 = —Tu t I % + k T

**The derivative of the sum of two vectors is equal to the sum of the

derivatives,

d(na) _ _dn > dA
i = 2 A4+ n . T
4(A.B - dA :g +'Z dB
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2. Position Vector of a Particle: Velocity and

Acceleration

The position of a particle can be specified by a single vector, the
displacement of the particle relative to the origin of the coordinate

system. This vector is called the position vector of the particle.

el o ~ A,
r = ix + jy + kz

kz

ix

/ Jy

X

** The velocity vector.
If the position vector for a particle ® and the parameter is the lime t the

derivative of r with respect to t is called the velocity, which we shall

denote by v:

—ly
~—y Ay e A
v = —-g-r%— = 1X + Jy + k2
Where the dots indicate differentiation with respect to t. The magnitude

of the velocity is called the speed. In rectangular components the speed is
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**The acceleration vector
The time derivative of the velocity is called the acceleration. Denoting the

acceleration with a,

- _ 9y _ _af%
at = a2

In rectangular components:

- éu A“ ‘u
a=1ix + Jy + k3

Thus, acceleration is a vector quantity whose components, in rectangular
coordinates, are the second derivatives of the positional coordinates of a

moving particle.

Example: Projectile Motion

Let us examine the motion represented by the equation:
2
- A A -~
(%) = bt + §(ot - —EF— ) + k0
This represents motion in the x-y plane, because the z component is
constant and equal to zero. The velocity v is obtained by differentiating

with respect to t, namely:

Thus, a is in the negative y direction and has the constant magnitude g.
The path of motion is a parabola, as shown in Figure.
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The speed v varies with t according to the equation:

[-'b2 + (¢ - gt)a-_] *

Example: Circular Motion

Suppose the position vector of a particle is given by:

;=Ibsinwt+5b coawt+f:§

Where a, is a constant.

Let us analyze the motion. The distance from the origin remains constant:

PR
2 qut+cz)

2'0052

[T] = r = (*2 51n° wt + b

= ('b2 + 02)&

Differentiating r, we find the velocity vector:

— d; A L TS ~
V=3 = ibweos wt - jpwsinwt + ko

The velocity vector is parallel to the x-y Plane. The particle moves with

constant speed:

2.2 2

lvl = (b°w" cos“wt + v ew?

gin wt)%
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The acceleration is:

—
-~

a = %% = -:I.‘bw2 sinwt - 3bw2 coswt
In this case the acceleration is perpendicular to the velocity, because the

dot product of v and a vanishes:

Yoa = (bwcoswt)(=b ° gin wt)4(=bwsin wt)(~b w08 wt)=0

3. Vector integration

Suppose that the time derivative of a vector r is given in rectangular
coordinates where each component is known as a function of time, namely,

L= Ir () + JE,(5) + kfs(%)

It is possible to integrate with respect to ¢ to obtain

r=iff@dt+i[n0 dt+k[f:0) dt

Example:

The velocity vector of a moving particle is given by:

el

v = iA + jBt + kot~

in which A,B,C are constants. Find r

1

= $frat + 3fBt dt + B f ct7las
* . 14 ~ —
= 1A% + JBes— + kC In t + rq

Where 1, is the constant of integration.
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